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 u(x) > 0   	
   
 x0 ∈ (0, 1) 
x1 ∈ (x0, 1]   

 u′ > 0  (0, x0) u′(x0) = 0  u′ < 0  (x0, x1)  u
 
 
 x0 = 1/2  x1 = 1

    u   		
 	    ρ = u(x0)   x ∈ (0, x0) 


− ((u′)p−1)′ = λf(u) . 
		   u′(x)  		  x  x0 	
p− 1
p
[u′(x)]p = λ [F (ρ)− F (u(x))] ,
	 		
(
p− 1
p
)1/p
u′(x)
[F (ρ)− F (u(x))]1/p = λ
1/p.
 	 	  (x, x0)  x ∈ (0, x0) 	
(
p− 1
p
)1/p ∫ ρ
u(x)
1
[F (ρ)− F (z)]1/pdz = λ
1/p(x0 − x).
! 	 x = x0 − ε  ε ∈ [0,min {x0, x1 − x0}]  	
(
p− 1
p
)1/p ∫ ρ
u(x0−ε)
1
[F (ρ)− F (z)]1/pdz = λ
1/pε. "
!# 	 u′(x) < 0  (x0, x1)
− ((−u′)p−2u′)′ = λf(u); x ∈ (x0, x1). $

 	 
  u′(x)  		  (x0, x) 
p− 1
p
[−u′(x)]p = λ[F (ρ)− F (u(x))],
   	
(
p− 1
p
)1/p −u′(x)
[F (ρ)− F (u(x))]1/p = λ
1/p.
		 	  (x0, x)   x ∈ (x0, x1)  
(
p− 1
p
)1/p ∫ ρ
u(x)
1
[F (ρ)− F (z)]1/pdz = λ
1/p(x− x0).
 x = x0 + ε  ε ∈ [0,min {x0, x1 − x0}]  
(
p− 1
p
)1/p ∫ ρ
u(x0+ε)
1
[F (ρ)− F (z)]1/pdz = λ
1/pε. 

  
!  
  u(x0 − ε) = u(x0 + ε)  ε ∈ [0,min {x0, x1 − x0}]  
u    x0
"  x0 = 1/2     	  x0 < 1/2  
2x0 ∈ (0, 1)   ε = x0  	
0 = u(0) = u(2x0).
!
  	
 
  

 
 u > 0 
 (0, 1) 	 x0 = 1/2 

   	   	 

 
 u  (0, 1)  x0 = 1/2 	
x1 = 1 	
  	 
 	
 	
  
 
  
 
  
 G : [U0,∞) → (0,∞) 

G(ρ) = 2
(
p− 1
p
)1/p ∫ ρ
0
dt
[F (ρ)− F (t)]1/p

	
	 
  	   	 !  
  
 

 G(ρ)  	
	   
 
 "#$%%& ! 
    
$ '
     	 G : [U0,∞) → (0,∞) 

     
(U0,∞) 
 lim
ρ→U+0
G(ρ) 
 $
g(ρ) =
∫ ρ
0
dt
[F (ρ)− F (t)]1/p
; ρ ∈ (U0,∞)
 
 	    
 {gn}  
gn(ρ) =
∫ ρ− 1
n
0
dt
[F (ρ)− F (t)]1/p
; ρ ∈ (U0,∞).
(
  gn   	
	 
	 	 ρ 	  n ∈ N  
    	
 
 
 ξ ∈ (t, ρ)  


F (ρ)− F (t) = f(ξ)(ρ− t).
 f(ρ) > 0 	 ρ ∈ (U0,∞) 
 
 m > 0  

 f(t) ≥ m > 0 	
t ∈ [ρ− ε, ρ)  
|g(ρ)− gn(ρ)| =
∣∣∣∣∣
∫ ρ
ρ− 1
n
dt
[F (ρ)− F (t)]1/p
∣∣∣∣∣
≤ 1
m1/p
∫ ρ
ρ− 1
n
dt
[ρ− t]1/p
=
1
m1/p
lim
ε→0
∫ ρ−ε
ρ− 1
n
dt
[ρ− t]1/p
=
1
m1/p
p
p− 1 limε→0
[(
1
n
) p−1
p
− ε p−1p
]
=
1
m1/p
p
p− 1
(
1
n
) p−1
p
.
 	 |g(ρ)−gn(ρ)| → 0 	  n → ∞   g(ρ)  	
	  
G(ρ) 
  	
	  lim
ρ→U+0
G(ρ)   	 
	 
    ! 
"##!$   	%
 
 %		
     G(ρ)  	


  (U0,∞) 
G′(ρ) = 2
(
p− 1
p
)1/p ∫ 1
0
H(ρ)−H(ρz)
[F (ρ)− F (ρz)] p+1p
dz, &#$


 H(s) = F (s)− s
p
f(s)
'
  	
 	     	  	 
  	    u(x)       	
   !   λ > 0
 ρ = ‖u‖∞ = sup
x∈[0,1]
|u(x)| = u(1/2)    	  
λ1/p = G(ρ); ρ ∈ [U0,∞), " 
 G(ρ)      # 
 $ u(x)   % 	  ! &		
  λ > 0  	
    u(x)   '&  x = 1/2( ρ = u(1/2) = ‖u‖∞(
	 u′(x) > 0 	 (0, 1/2)  	
(|u′|p−2u′)′ = ((u′)p−1)′; x ∈ (0, 1/2).  
'	
  ' u′(x) 	 	
	
 % [0, x],  x ∈ (0, 1/2)(  	
− p− 1
p
(u′(x))p +
p− 1
p
(u′(0))p = λF (u(x)) + C; x ∈ (0, 1/2).  
 x = 1/2( u(1/2) = ρ 	 u′(1/2) = 0( 
C = −λF (ρ) + p− 1
p
(u′(0))p.
 	  &
(
p− 1
p
)1/p
u′(x) = λ1/p [F (ρ)− F (u(x))]1/p ; x ∈ (0, 1/2).
#
    	
 [F (ρ)− F (u(x))]1/p > 0   p > 1 ρ ∈ [U0,∞) 
	
F (ρ) > F (u(x))   x ∈ [0, 1/2) 	
λ1/p =
(
p− 1
p
)1/p
u′(x)
[F (ρ)− F (u(x))]1/p
.
	
	  [0, x]  x ∈ (0, 1/2)  
λ1/px =
(
p− 1
p
)1/p ∫ u(x)
0
dt
[F (ρ)− F (t)]1/p
. 

	 x → 1/2 u(x) → ρ 	  
λ1/p = 2
(
p− 1
p
)1/p ∫ ρ
0
dt
[F (ρ)− F (t)]1/p
.
 	 !!
λ1/p = 2
(
p− 1
p
)1/p ∫ ρ
0
dt
[F (ρ)− F (t)]1/p
	  u : [0, 1/2] → [0,∞)  "	 
λ1/px =
(
p− 1
p
)1/p ∫ u(x)
0
dt
[F (ρ)− F (t)]1/p
. #
   
 	
	 
 $"	 
	  
  		
 
	
	
	 [0, 1/2] 	   	 x = 0 	 x = 1/2
%
  
K(x, u) :=
(
p− 1
p
)1/p ∫ u
0
dt
[F (ρ)− F (t)]1/p
− λ1/px.
  	
 K ∈ C1 
 
 (x, u) ∈ (0, 1/2)× (0, ρ) 

∂K
∂u
∣∣∣∣
(x,u)
=
(
p− 1
p
)1/p
1
[F (ρ)− F (u)]1/p
= 0.
	  (x, u) ∈ (0, 1/2) × (0, ρ) 
 K(x, u) = 0  x, u(x) 
 
	 	   	  u  C1 
 x 	 
 

λ1/p =
(
p− 1
p
)1/p
u′(x)
[F (ρ)− F (u(x))]1/p
		   
p− 1
p
(u′(x))p = λ[F (ρ)− F (u(x))].
 
!  	 	"	
   	 
! #
  	
 u′′(x) $%
 	 
 
(p− 1)(u′(x))p−2u′′(x) = −λf(u(x)).
& (|u′|p−2u′)′ = (p− 1)|u′|p−2u′′%    	
 u(x) 
 '  (0, 1/2)
(
     	 
	         
               
λ1/p = G(ρ) := 2
(
p− 1
p
)1/p ∫ ρ
0
dt
[F (ρ)− F (t)]1/p
 ρ ∈ [U0,∞).
 
G′(ρ) = 2
(
p− 1
p
)1/p ∫ 1
0
H(ρ)−H(ρz)
[F (ρ)− F (ρz)] p+1p
dz  ρ ∈ (U0,∞),
 H(s) = F (s)− s
p
f(s) 

G′(ρ) > 0  H(ρ)−H(ρz) > 0  z ∈ (0, 1), 
G′(ρ) < 0  H(ρ)−H(ρz) < 0  z ∈ (0, 1).
     !" #$%  p = 2     G′   	 
    H(s) 
  	   p = 2   
       !&'#%
   	 L(z) := F (ρz)/F (ρ) 
 z ∈ [0, 1]  L(z) ≤ z 
  z ∈ [0, 1]

    		  	      !(#$$%
)
 
  L(z) ≤ z  f(0) < 0
 
 	 L(z) ≤ z  f(0) ≥ 0
   L(z) = F (ρz)/F (ρ) 	
 z ∈ [0, 1]
     	
 G(ρ) 	  

	 		 
  ρ ∈ (U0,∞)
2p
(
p
p− 1
)p−1
ρp−1
f(ρ)
≤ Gp(ρ) ≤ 2p
(
p
p− 1
)p−1
ρp
F (ρ)
. 


  G(ρ) 
G(ρ) = 2
(
p− 1
p
)1/p
ρ
∫ 1
0
dz
[F (ρ)− F (ρz)]1/p
    
	  t = ρz   
  	  
  ! f ′(s) > 0 	
  s > 0"  # $ %
  F (ρ) − F (ρz) ≤
f(ρ)ρ(1− z)

   
G(ρ) = 2
(
p− 1
p
)1/p
ρ
∫ 1
0
dz
[F (ρ)− F (ρz)]1/p
≥ 2
(
p− 1
p
)1/p
ρ
[f(ρ)ρ]1/p
∫ 1
0
dz
[1− z]1/p
= 2
(
p
p− 1
)(p−1)/p
ρ(p−1)/p
[f(ρ)]1/p
	   
  
  

2p
(
p
p− 1
)p−1
ρp−1
f(ρ)
≤ Gp(ρ).
   
 
  
     
G(ρ) = 2
(
p− 1
p
)1/p
ρ
∫ 1
0
dz
[F (ρ)− F (ρz)]1/p
= 2
(
p− 1
p
)1/p
ρ
[F (ρ)]1/p
∫ 1
0
dz
[1− L(z)]1/p
≤ 2
(
p− 1
p
)1/p
ρ
[F (ρ)]1/p
∫ 1
0
dz
[1− z]1/p
= 2
(
p− 1
p
)1/p
ρ
[F (ρ)]1/p
p
p− 1
= 2
(
p− 1
p
)(1−p)/p
ρ
[F (ρ)]1/p
.

   
Gp(ρ) ≤ 2p
(
p
p− 1
)p−1
ρp
F (ρ)
.
      lim
s→∞
f(s)
sp−1 = 0 	 limρ→∞
G(ρ) = ∞

   lim
s→∞
f(s)
sp−1 = ∞ 	 limρ→∞G(ρ) = 0

   lim
s→∞
f(s)
sp−1 = M   M > 0 	 limρ→∞
G(ρ) = C(M)


 	
 	
    
2p
(
p
p− 1
)p−1
ρp−1
f(ρ)
≤ Gp(ρ).
  lim
s→∞
f(s)
sp−1 = 0  lims→∞
sp−1
f(s)
= ∞     lim
ρ→∞
Gp(ρ) =
∞
		
 	
    
Gp(ρ) ≤ 2p
(
p
p− 1
)p−1
ρp
F (ρ)
.
  lim
s→∞
f(s)
sp−1 = ∞ 
lim
ρ→∞
ρp
F (ρ)
= lim
ρ→∞
pρp−1
f(ρ)
= 0,
   lim
ρ→∞
Gp(ρ) = 0

     	

2p
(
p
p− 1
)p−1
ρp−1
f(ρ)
≤ Gp(ρ) ≤ 2p
(
p
p− 1
)p−1
ρp
F (ρ)
.
 lim
s→∞
f(s)
sp−1 = M 		 α ≤ lims→∞G
p(ρ) ≤ pα 
α = 2p
(
p
p− 1
)p−1
1
M
.
  	 μ ∈ [α, pα]   lim
ρ→∞
Gp(ρ) = μ

  
	
	 
	
        ! "#$%&  f : [0,∞) → R   C2
! !'(
• f(0) < 0 ")& 
• f ′(s) > 0 ! s > 0$
   ) *    * !   p = 2  + 	,,-$ 
+
./-     0    ! + 	,,-$ ) %$# "* & '
   $ 	   +1	##-     2 ) 
    ! "#$%&  f 3  4   3 )
 lim
s→0+
f(s) = −∞$         '  * )$
	 f        β > 0  θ > 0 *  2 5 ! f 
F    F (s) :=
∫ s
0
f(t)dt   ) ! f $ 6    ! u 
    ! "#$%& '  λ > 0  ρλ := ‖u‖∞ = u(1/2) 
H(s) := F (s)− s
p
f(s) ! s ≥ 0$
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 lim
s→∞
f(s)
sp−1 = ∞$ "p4	 &
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 f ′′(s) > 0 	 s > 0

 (p− 2)f ′(s) < sf ′′(s) 	 s ≥ 0
   λ∗ > 0    	
 
   	 	
	 	 0 < λ ≤ λ∗ 
 	 	 	
	 	 λ > λ∗
		 ρλ   λ   
 ρλ∗ = θ  lim
λ→0+
ρλ = ∞.
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f(s) = sp + sp−1 − ε,
 ε > 0
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 f ′′(s) < 0 	 s ∈ (0, s0)  s0 > θ  f ′′(s) > 0 	 s > s0
	
 (p− 2)f ′(s)− sf ′′(s) < 0 	 s > s0
	
 (p− 1)f(θ) < θf ′(θ)
	
 lim
s→∞
[(p− 1)f(s)− sf ′(s)] < 0 
	
   σ > θ   H(σ) > 0
   λ∗, λ1, λ2  0 < λ1 < λ∗ ≤ λ2    
   	 	
	 	 0 < λ < λ1
 	 	 	
	 	 λ > λ2
     	 λ  (λ1, λ
∗)      	 	
	
  λ2 > λ
∗    
 	 	 	
	 	 λ ∈ [λ∗, λ2).

	 ρλ∗ = θ  lim
λ→0
ρλ = ∞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f(s) = s3 − as2 + bs− c,

 a > 0, b > 0  c > 0  b > 8(p−4)
2a2
27(p−3)(p−5)  a
3 > 108(p−1)c
8−3p 

p ∈ [2, 8/3) 	
      !!"  p = 2 # $% &&" 

 '&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 
 
f(s) =
s3 − as2 + bs− c
sβ
 β ∈ (0, 1).
)   
 
  
 β = 0
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     	
 	 G′(ρ) < 0 
 ρ ∈ (θ,∞)  
 	 
H(s) = F (s)− s
p
f(s)

 s ≥ 0 	 H(0) = 0 
H ′(s) =
p− 1
p
f(s)− s
p
f ′(s)
 f(0) < 0 H ′(0) < 0  (A1)− (A2)  	
H ′′(s) =
p− 2
p
f ′(s)− s
p
f ′′(s) < 0 
 s > 0.
 H ′(0) < 0  
 H ′(s) < 0 
  s ≥ 0  H(ρ) − H(ρz) < 0 

ρ ≥ θ  z ∈ (0, 1) 	
 G′(ρ) < 0 
 ρ > θ
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
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 (ii) 	 lim
ρ→∞
G(ρ) = 0  	 	 
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Θ
 
   
Θ
Ρ
Ρ
  G(ρ)
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   H(s)  G(ρ)
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 
 
  σi ∈ (θ,∞) i = 1, 2, 3, 4

 σ1 < σ2 < σ3 < σ4 
 
 G
′(ρ) < 0  θ < ρ ≤ σ1  ρ > σ4 
 G′(ρ) >
0  σ2 < ρ ≤ σ3 	 
   H(s) = F (s)− spf(s)  s ≥ 0 	
 H(0) = 0 
(B5)  
 H(σ) > 0  σ > θ  H ′(s) = p−1
p
f(s)− s
p
f ′(s)  f(0) < 0
H ′(0) < 0  (B3)− (B4)  H ′(θ) < 0  lim
s→∞
H ′(s) < 0  
 
  H ′′(s) = p−2
p
f ′(s) − s
p
f ′′(s)    (B1) − (B2) 

H ′′(s) > 0  (0, s0)  H ′′(s) < 0  s > s0   	
 
 
σi i = 1, 2, 3, 4 
 
 H(ρ)−H(ρz) < 0  θ ≤ ρ ≤ σ1  ρ > σ4  z ∈ (0, 1)
	
  G′(ρ) < 0  θ < ρ ≤ σ1  ρ > σ4 ! H(ρ) − H(ρz) > 0 
σ2 < ρ ≤ σ3  (0, 1)  
 G′(ρ) > 0  σ2 < ρ ≤ σ3
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lim
ρ→∞
G(ρ) = 0  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  H(s)  G(ρ)
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  lim
s→∞
f(s)
sp−1 = 0 p
    	 
  	   
 f ′′(s) < 0  s > 0
  (p− 1)f(θ) < θf ′(θ) 
 lim
s→∞
[(p− 1)f(s)− sf ′(s)] > 0
   λ∗, μ1, μ2  0 < μ1 < λ∗ ≤ μ2    
 	     0 < λ < μ1
 	       λ ≥ μ1
 	      μ1 < λ ≤ λ∗
 	      λ > μ2
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  ρλ∗ = θ  lim
λ→∞
ρλ = ∞
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f(s) = e
as
a+s − η,

 a << 1  η > 1
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 
   δ > 0, γ > 0 
 

θ < δ < γ  G′(ρ) < 0  (θ, δ]  G′(ρ) > 0  ρ ≥ γ !  H(s) = F (s)− s
p
f(s)
 s ≥ 0 	
 H(0) = 0 ! H ′(s) = p−1
p
f(s)− s
p
f ′(s)  f ′(0) < 0" H ′(0) < 0

  (C2)− (C3) 	
 H ′(θ) < 0  lim
s→∞
H ′(s) > 0   


 (C1)  H ′′(s) = p−2
p
f ′(s)− s
p
f ′′(s) > 0  s > 0  H(ρ)−H(ρz) < 0
 θ ≤ ρ ≤ δ  z ∈ (0, 1)  	
 G′(ρ) < 0  θ < ρ ≤ δ 

H(ρ)−H(ρz) > 0  ρ ≥ γ  z ∈ (0, 1)  	
 G′(ρ) > 0  ρ ≥ γ


 lim
ρ→∞
G(ρ) = ∞ 
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ΓΘ Δ
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   
Θ Δ Γ
Ρ
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  G(ρ)
    ! H(s)  G(ρ)
  	

"  
 lim
s→∞
f(s)
sp−1 = M   0 < M ≤ ∞ #p!$
		   #%$    	
 	
 f ′′(s) < 0 	 s > 0
  (p− 1)f(θ) < θf ′(θ) 
 lim
s→∞
[(p− 1)f(s)− sf ′(s)] > 0
 
   		 λ∗, μ1
  μ2  0 < μ1 < μ2 < λ∗ 	    	
  		  λ < μ1  λ > λ
∗

  	  	 	  λ ≥ μ1

   	 		  μ1 < λ < μ2

   	 	  μ2 < λ ≤ λ∗

 ρλ∗ = θ  lim
λ→μ2
ρ = ∞
  	
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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 λ 
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 f ′′(s) > 0 	 s > 0 

 (p− 2)f ′(s) < sf ′′(s) 	 s > 0
   μ  0 < μ < λ∗    	
 
 	 	 	 	
	 	 λ < μ  λ > λ∗
    	 	
	 	 μ < λ < λ∗
 ρλ∗ = θ  lim
λ→μ
ρ = ∞
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     	
 	 	  δ > 0, γ > 0 	 	
θ < δ < γ  G′(ρ) < 0 
 θ < ρ ≤ δ 	 G′(ρ) > 0 
 ρ ≥ γ  
 	 
H(s) = F (s)− s
p
f(s) 
 s ≥ 0 	 H(0) = 0  H ′(s) = p−1
p
f(s)− s
p
f ′(s) 
f(0) < 0 H ′(0) < 0 

 (D2) − (D3)  H ′(θ) < 0  lim
s→∞
H ′(s) > 0
 	
  H ′′(s) = p−2
p
f ′(s) − s
p
f ′′(s)  

 
 (D1) 	 H ′′(s) > 0

  s > 0 	
 	  δ, γ 	 	 θ < δ < γ  H ′(δ) = 0 H(γ) = 0

 H(ρ) − H(ρz) < 0 
 θ ≤ ρ ≤ δ  z ∈ (0, 1) 	 	 
G′(ρ) < 0 
 θ < ρ ≤ δ 
 H(ρ) −H(ρz) > 0 
 ρ ≥ γ  z ∈ (0, 1) 		 
  G′(ρ) > 0 
 ρ ≥ γ
  lim
ρ→∞
Gp(ρ) = μ 
 
 μ > 0 

 
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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
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ΓΘ Δ
 
   
Θ Δ Γ
Ρ
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  G(ρ)
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 % 	
 #$ & H(s)  G(ρ)
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     	
 	 G′(ρ) < 0 
  ρ > θ 
  H(s) =
F (s)− s
p
f(s) 
 s ≥ 0 	 H(0) = 0  H ′(s) = p−1
p
f(s)− s
p
f ′(s)  f(0) < 0
H ′(0) < 0  	
 (E1) − (E2)  	 H ′′(s) = p−2
p
f ′(s) − s
p
f ′′(s) < 0
#'
  s > 0 	 H ′(0) < 0
 	  H ′(s) < 0    s ≥ 0 	    
H(ρ)−H(ρz) < 0   ρ ≥ θ  z ∈ (0, 1) 		 	
 G′(ρ) < 0   ρ > θ

 lim
ρ→∞
Gp(ρ) = μ   	 μ > 0     	  (iii) 
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Θ
 
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Θ Ρ
Ρ
  G(ρ)
	  		   H(s)  G(ρ)
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   ! "#$%&  f : [0,∞) → R   C2
! !'(
• f(0) > 0 "& 
• f ′(s) > 0 ! s > 0$
  	
	
	     	
   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 f ′′(s) > 0  s > 0
 (p− 2)f ′(s) < sf ′′(s)  s > 0 
  lim
s→∞
[(p− 1)f(s)− sf ′(s)] < 0
 
 
 μ > 0  

 "#$%& 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   
 
  λ > μ
    
 
 
 λ = μ
  
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 
  0 < λ < μ
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         δ > 0 γ > 0  
δ < γ  G′(ρ) > 0  0 < ρ ≤ δ  G′(ρ) < 0  ρ ≥ γ	    
H(s) = F (s) − s
p
f(s)  s ≥ 0	 
 H(0) = 0	  H ′(s) = p−1
p
f(s) − s
p
f ′(s)
 f(0) > 0 H ′(0) > 0	  (F3)  lim
s→∞
H ′(s) < 0	  (F1) − (F2)
 H ′′(s) = p−2
p
f ′(s)− s
p
f ′′(s) < 0  s > 0	 !   δ > 0 γ > 0 
 δ < γ  H ′(δ) = H(γ) = 0	 
 H(ρ) −H(ρz) > 0  0 < ρ ≤ δ 
z ∈ (0, 1)   G′(ρ) > 0  0 < ρ ≤ δ	 " H(ρ)−H(ρz) < 0  ρ ≥ γ
 z ∈ (0, 1)	 
 G′(ρ) < 0  ρ ≥ γ	
   lim
ρ→0
G(ρ) = 0  lim
ρ→∞
G(ρ) = 0   # 	$  # 	%
(ii)  	
&
ΓΔ
 
   
Δ Γ
Ρ
Ρ
  G(ρ)
  	 
 	  H(s)  G(ρ)
  	

      	
 	
 (p− 1)f(s) > sf ′(s) 	 s > 0
 	    	 	
	 	 

 λ > 0 	 lim
λ→0
ρλ = 0 
lim
λ→∞
ρλ = ∞

Λ
Ρ
  	 
 	  
       	
 	
	
 f ′′(s) > 0 	 s ∈ (0, s0)  f ′′(s) < 0 	 s > s0
	
 (p− 2)f ′(s) < sf ′′(s) 	 s ∈ (0, s0)
	
 lim
s→∞
[(p− 1)f(s)− sf ′(s)] > 0 
	
    σ > 0   H(σ) < 0
   μ1, μ2  0 < μ1 < μ2   	 
   	 	
	 	 λ < μ1  λ > μ2
 
  	 	
	 	 λ ∈ (μ1, μ2)

 	 lim
λ→0
ρλ = 0 
 lim
λ→∞
ρλ = ∞
ΜΜ
Σ
Σ
Λ
Ρ
  	 
 	  
   	 
  	 


          G′(ρ) > 0   ρ > 0	 
  
 H(s) = F (s)− s
p
f(s)  s ≥ 0	 
 H(0) = 0	  H ′(s) = p−1
p
f(s)− s
p
f ′(s)
 f(0) > 0 H ′(0) > 0	  (G1)  H ′(s) > 0  s > 0	 

H(ρ)−H(ρz) > 0  ρ > 0  z ∈ (0, 1)	  G′(ρ) > 0  ρ > 0	
   lim
ρ→0
G(ρ) = 0  lim
ρ→∞
G(ρ) = ∞   ! 	"  ! 	#
(i)  	
$
 
   
Ρ
Ρ
  G(ρ)
  	 
 	  H(s)  G(ρ)
    	
	
         σi ∈ (0,∞); i = 1, 2, 3, 4
 σ1 < σ2 < σ3 < σ4   G
′(ρ) > 0  0 < ρ ≤ σ1  ρ > σ4 
G′(ρ) < 0  σ2 < ρ ≤ σ3	     H(s) = F (s) − spf(s)  s ≥ 0	 

H(0) = 0  (I4)   H(σ) < 0	  H ′(s) = p−1
p
f(s) − s
p
f ′(s) 
f(0) > 0 H ′(0) > 0	  (I3)  lim
s→∞
H ′(s) > 0	   
H ′′(s) = p−2
p
f ′(s)− s
p
f ′′(s)    (I1)− (I2)  H ′′(s) < 0  (0, s0) 
H ′′(s) > 0  s > s0	 
   σi ∈ (0,∞); i = 1, 2, 3, 4  
H(ρ) −H(ρz) > 0  0 < ρ ≤ σ1  ρ > σ4  z ∈ (0, 1)	 
  G′(ρ) > 0
 0 < ρ ≤ σ1  ρ > σ4	   H(ρ) − H(ρz) < 0  σ2 < ρ ≤ σ3  (0, 1) 
 G′(ρ) < 0  σ2 < ρ ≤ σ3	
 ! lim
ρ→0
G(ρ) = 0  lim
ρ→∞
G(ρ) = ∞   " 	  " 	#
(i)	

Σ
Σ
Σ
 
Σ
 
   
Σ ΣΣ Σ
Ρ
Ρ
  G(ρ)
  	 
 	  H(s)  G(ρ)
   	


       	
 	
 f ′′(s) < 0 	 

 s > 0 
 (p− 1)f(s) > sf ′(s) 	 

 s > 0
    μ > 0   	 
 	 	 	
	 	 λ > μ
   	 	
	 	 λ < μ
	 lim
λ→0
ρλ = 0  lim
λ→μ
ρλ = ∞

Μ Λ
Ρ
  	 
 	  
  	     	
 	

 f ′′(s) > 0 	 s > 0

 (p− 2)f ′(s) < sf ′′(s) 	 s > 0 

 lim
s→∞
[(p− 1)f(s)− sf ′(s)] < 0
   μ1 > 0 μ2 > 0   μ1 < μ2  	 
 	 	 	
	 	 λ > μ2
   	 	
	 	 λ < μ1
 
 	 	 	
	 	 λ ∈ (μ1, μ2)

 	 lim
λ→0
ρ = 0 
 lim
λ→μ1
ρ = ∞
ΜΜ
Δ
Λ
Ρ
  	 
 	  
   	 
  	 

          G′(ρ) > 0  ρ > 0	    
H(s) = F (s) − s
p
f(s)  s ≥ 0	 
 H(0) = 0	  H ′(s) = p−1
p
f(s) − s
p
f ′(s)
 f(0) > 0 H ′(0) > 0	  (J2)  H ′(s) > 0  s > 0	  
 H ′′(s) = p−2
p
f ′(s)− s
p
f ′′(s)    (J1)  H ′′(s) > 0  s > 0	 
H ′(0) > 0    H ′(s) > 0  s ≥ 0	 ! H(ρ) − H(ρz) > 0  ρ > 0 
z ∈ (0, 1)	 
 G′(ρ) > 0  ρ > 0	
 " lim
ρ→0
G(ρ) = 0  lim
ρ→∞
Gp(ρ) = μ   μ > 0   # 	$
 # 	% (iii) "	
$
 
   
Ρ
Ρ
  G(ρ)
  	 
 	  H(s)  G(ρ)
    	

         δ > 0 γ > 0  
δ < γ  G′(ρ) > 0  0 < ρ ≤ δ  G′(ρ) < 0  ρ ≥ γ	 
   
H(s) = F (s) − s
p
f(s)  s ≥ 0	 
 H(0) = 0	  H ′(s) = p−1
p
f(s) − s
p
f ′(s)
 f(0) > 0 H ′(0) > 0	  (K3)  lim
s→∞
H ′(s) < 0	  
 H ′′(s) = p−2
p
f ′(s) − s
p
f ′′(s)    (K1) − (K2)  H ′′(s) < 0 
s > 0	     δ > 0 γ > 0   δ < γ  H ′(δ) = H(γ) = 0	 

H(ρ)−H(ρz) > 0  0 < ρ ≤ δ  z ∈ (0, 1)   G′(ρ) > 0  0 < ρ ≤ δ	
! H(ρ)−H(ρz) < 0  ρ ≥ γ  z ∈ (0, 1)	 
 G′(ρ) < 0  ρ ≥ γ	
 " lim
ρ→0
G(ρ) = 0  lim
ρ→∞
Gp(ρ) = μ   μ > 0   # $	%
 # $	& (iii) "	
&
ΓΔ
 
   
Δ Γ Ρ
Ρ
  G(ρ)
  	 
 	  H(s)  G(ρ)

  	
f(0) = 0 

        ! "#$%&  f : [0,∞) → R   C2
! !'(
• f(0) = 0
• f ′(s) > 0 ! s > 0$
)  u ≡ 0     ! "#$%& !   λ > 0$
     lim
s→0
f ′(s)
sp−2 = m   m > 0 	
 limρ→0
G(ρ) = C(m)  
C(m) > 0
 ** #$+ '
2p
(
p
p− 1
)p−1
ρp−1
f(ρ)
≤ Gp(ρ) ≤ 2p
(
p
p− 1
)p−1
ρp
F (ρ)
.
!   ρ ∈ (0,∞)$  lim
s→0
f ′(s)
sp−2 = m * 
η ≤ lim
ρ→0
Gp(ρ) ≤ pη,

η = 2p
(
p
p− 1
)p−1
p− 1
m
.
,-
   	 μ ∈ [η, pη] 
  lim
ρ→0
Gp(ρ) = μ
  	
	
	      	
 	
 f ′′(s) > 0 	 s > 0
 (p− 2)f ′(s) < sf ′′(s) 	 s > 0
 (p− 1)f(s) < sf ′(s) 	 s > 0 
  lim
s→0
f ′(s)
sp−2 = m 	 	 m > 0
   μ > 0    
 	 	 	
	 	 λ > μ
   	 	
	  0 < λ < μ
	 lim
λ→μ
ρλ = 0  lim
λ→0
ρλ = ∞

Μ Λ
Ρ
   	
   
    	

    	

     
 
 G′(ρ) < 0   ρ > 0   
 
H(s) = F (s)− s
p
f(s)  s ≥ 0 	
 H(0) = 0  H ′(s) = p−1
p
f(s)− s
p
f ′(s) 
f(0) = 0 H ′(0) = 0  (L3)  H ′(s) < 0  s > 0  
 
H ′′(s) = p−2
p
f ′(s) − s
p
f ′′(s)    (L1) − (L2) 
 H ′′(s) < 0  s > 0
 H(ρ)−H(ρz) < 0  ρ > 0  z ∈ (0, 1) 

  G′(ρ) < 0  ρ > 0
  lim
ρ→∞
G(ρ) = 0     !" (ii) 

  lim
λ→0
ρλ = ∞
   !  (L4)   
 lim
ρ→0
G(ρ) = μ   μ > 0 	
 

lim
λ→μ
ρλ = 0
!
 
   
Ρ
Ρ
  G(ρ)
  	 
 	  H(s)  G(ρ)
  	

       	
 	
 f ′′(s) < 0 	 s > 0
 (p− 1)f(s) > sf ′(s) 	 s > 0 
 lim
s→0
f ′(s)
sp−2 = m m > 0
    μ > 0   	 
 	 	 	
	 	 λ < μ
   	 	
	 	 λ > μ
	 lim
λ→μ
ρλ = 0  lim
λ→∞
ρλ = ∞

Μ
Λ
Ρ
  	 
 	  
       	
 	
	
 f ′′(s) > 0 	 s ∈ (0, s0)  f ′′(s) < 0 	 s > s0
	
 (p− 2)f ′(s) < sf ′′(s) 	 s ∈ (0, s0)
	
 (p− 1)f(s) < sf ′(s) 	 s ∈ (0, s0)
	
 lim
s→∞
[(p− 1)f(s)− sf ′(s)] > 0
	
    σ > 0   H(σ) < 0 
	
 lim
s→0
f ′(s)
sp−2 = m 	 	 m > 0

   	 μ1 > 0, μ2 > 0 
 μ1 < μ2 	    	
  	 		  λ < μ1
   	 	  λ > μ2
  
 	 		  λ ∈ (μ1, μ2)
 lim
λ→μ
ρλ = 0  lim
λ→∞
ρλ = ∞
Μ Μ
Λ
Ρ
	
  
  	
 

   	 
  	 


     
     G′(ρ) > 0 
 ρ > 0 
  
H(s) = F (s) − s
p
f(s) 
 s ≥ 0  H ′(s) = p−1
p
f(s) − s
p
f ′(s)  f(0) = 0
H ′(0) = 0 
 
 (M2) ! H ′(s) > 0 
 s > 0 	


  H ′′(s) =

p−2
p
f ′(s) − s
p
f ′′(s)    	
 (M1)  H ′′(s) > 0 	 s > 0  H(ρ) −
H(ρz) > 0 	 ρ > 0  z ∈ (0, 1)   
 G′(ρ) > 0 	 ρ > 0
  lim
ρ→∞
G(ρ) = ∞  	
 

  (i)   
 lim
λ→∞
ρλ = ∞
 

   (M3)    lim
ρ→0
G(ρ) = μ 	 
 μ > 0  
lim
λ→μ
ρλ = 0
 
   
Ρ
Ρ
  G(ρ)
	  	
  ! H(s)  G(ρ)
    	
	
 	     	 " δ > 0  γ > 0  
δ < γ  G′(ρ) < 0 	 0 < ρ ≤ δ   G′(ρ) > 0 	 ρ > γ    
 H(s) = F (s) − s
p
f(s) 	 s ≥ 0  H(0) = 0  (N5) 
 H(σ) < 0
# H ′(s) = p−1
p
f(s) − s
p
f ′(s)  f(0) = 0  H ′(0) = 0 $	%	  (N3) − (N4)

 H ′(s) < 0  (0, s0)  lim
s→∞
H ′(s) > 0  	% 		
	  
H ′′(s) = p−2
p
f ′(s) − s
p
f ′′(s)    	
 (N1) − (N2)  H ′′(s) < 0  (0, s0)
 H ′′(s) > 0 	 s > s0  	 " δ > 0  γ > 0   δ < γ 
H ′(δ) = H(γ) = 0  H(ρ) − H(ρz) < 0 	 0 < ρ ≤ δ  z ∈ (0, 1)  

 G′(ρ) < 0 	 0 < ρ ≤ δ &  H(ρ)−H(ρz) > 0 	 ρ > γ  G′(ρ) > 0
	 ρ > γ
'
  lim
ρ→∞
G(ρ) = ∞ 		
 	   (i) 
  lim
λ→∞
ρλ = ∞
    (N6) 
   lim
ρ→0
G(ρ) = μ2 	 	 μ2 > 0  	

lim
λ→μ
ρλ = 0
ΓΔ
 
   
Δ Γ
Ρ
Ρ
  G(ρ)
   	   H(s)  G(ρ)
  	

		    	!"   (H3)  	

 f ′′(s) < 0  s > 0
 (p− 1)f(s) > sf ′(s)  s > 0
 lim
s→0
f ′(s)
sp−2 = m   m > 0
   μ1 > 0, μ2 > 0  μ1 < μ2 
  " 
   
  λ ≤ μ1  λ > μ2
  

  
  λ ∈ (μ1, μ2)

 lim
λ→μ1
ρλ = 0  lim
λ→μ2
ρλ = ∞
#
     	 
		
  	 	 	
  	 	 

 


  μ2 		
  	 
  μ1 
 		  μ2
Μ2Μ1
Λ
Ρ

	  		   

 !

  	 "#	$% 	 (H3) 
 

 f ′′(s) > 0  s > 0

 (p− 2)f ′(s) < sf ′′(s)  s > 0

 (p− 1)f(s) < sf ′(s)  s > 0 

 lim
s→0
f ′(s)
sp−2 = m   m > 0
&
   	 μ1, μ2
  0 < μ1 < μ2
 	    	
  	 		  λ < μ1  λ > μ2

   	 	  λ ∈ (μ1, μ2)

 lim
λ→μ1
ρλ = ∞  lim
λ→μ2
ρλ = 0
	
  
  	
 

   	 
  	 

     
     G′(ρ) > 0 
 ρ > 0 
  
H(s) = F (s) − s
p
f(s) 
 s ≥ 0  H(0) = 0  H ′(s) = p−1
p
f(s) − s
p
f ′(s)
 f(0) = 0 H ′(0) = 0  
!
 (O2) " H ′(s) > 0 
 s > 0 	



#
  H ′′(s) = p−2
p
f ′(s) − s
p
f ′′(s)  	

	  	 (O1)  H ′′(s) > 0 	
H(ρ)−H(ρz) > 0 	 ρ > 0  z ∈ (0, 1)  
  G′(ρ) > 0 	 ρ > 0
  (iii) 
        μ2 > 0    lim
ρ→∞
Gp(ρ) = μ2  
 	  lim
λ→μ2
ρλ = ∞     (O3)    lim
ρ→0
G(ρ) = μ1 	  	
μ1 > 0    	  lim
λ→μ1
ρλ = 0
 
   
Ρ
Ρ
  G(ρ)
  	  ! H(s)  G(ρ)
    	

    

  	  G′(rho) < 0 	 ρ > 0 	   

H(s) = F (s) − s
p
f(s) 	 s ≥ 0 " H ′(s) = p−1
p
f(s) − s
p
f ′(s)  f(0) = 0
H ′(0) = 0 #		$ (P3) 
  H ′(s) < 0 	 s > 0 	   H ′′(s) =
p−2
p
f ′(s) − s
p
f ′′(s)  	

	  	 (P1) − (P2)  H ′′(s) < 0 	 s > 0 %
H(ρ)−H(ρz) < 0 	 ρ > 0  z ∈ (0, 1) 	 G′(ρ) < 0 	 ρ > 0
  (iii) 
        μ1 > 0    lim
ρ→∞
Gp(ρ) = μ1  
 	  lim
λ→μ1
ρλ = ∞     (P4)    lim
ρ→0
G(ρ) = μ2 	  	
μ2 > 0    	  lim
λ→μ2
ρλ = 0 	    	  &	     
   '( %	$  ) 	  	  	 μ2   lim
λ→μ2
ρλ = 0
(
 
   
Ρ
Ρ
  G(ρ)
  	 
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 	  H(s)  G(ρ)
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